TiCH PHAN

I.CAC PHUONG PHAP TiNH TICH PHAN
1. Tinh tich phan bing dinh nghia ,tinh chit va bang nquyén ham co ban

2 Phwong phap tich phan tirng phan.

Dinh Ii . Néu u(x) va v(x) Ia cac ham sb ¢6 dao ham lién tuc trén [a;b] thi:
b b b
Iu(x)v' (x)dx = (u(x)v(x))‘a - jv(x)u'(x)dx
b b b
hay J.udv =uv o\ Ivdu :

a a

Ap dung cong thic trén ta c6 qui tac céng thic tich phan tirng phan sau:
e Budc 1: Viét f(x)dx dudi dang udv = uv dx bang cach chon mét phan thich hop

cua f(x) 1am u(x) va phan con lai dv =V (x)dx.
e Busc2: Tinhdu=udxvav= jdv = jv'(x)dx.

b
N

b
e Buéc 3: Tinh jvdu :jvu'dx va uv

e Budc 5: Ap dung cong thuc trén.

Vi dy 5: a)Tinh tich phan 1= | Z:g)xd x (DH-KB-2009)

In x

:J-3+|I’1X J’ J- de
1 (x +1) 1 (x +l) 1 (X+1)
T (x+D) (x+D)|, 4
i Inx
lx+1)
DatuZInX:du:d—X
X
dv dX2 Ch()nv:—1
(x+1) X+1
podxP R @ s Rox fax 33
27 x+1 I x(x+1) 4 1x Ix+1 4 2



Vay : I:§(1+In3)—ln2
e

b) Tinh len xdx

1

dx
du=—
. u=Inx X
Giar: bat i
dv = xdx NG
V=—
| 2
y 2 e € 2 2 |a 2
J.xlnxdx:x—lnx —l xdx:e——x— _°€ +1
2 1 21 2 41 4

1

Vi du 6: Tinh cac tich phan sau:

Insx dx b) jxcos xdx c)jxexdx d) Iex cos xdx
0 0

u=Inx du:%
Gial: a) bat 1 =9 X . Do do:
dv=— yo_ 1
X \ 4x*
21In x Inx|” 1 %dx In2 10 1 * 15-4In2
I—sdxz——4 Tl 5= v T
1 4x*, 44X 64 4 4x 256
U=x du = dx
b) bat = . . Do d6:
dv = cos xdx V =SinXx
2 T 3 Vs
. — . T —_ T
Ixcosxdx=(xsmx)2—j5|nxdx=—+cos 2="-1,
2 2
0 0O D% 0
U=x du = dx
c)bat = . Do do:
dv =e*dx V=g
( 1 1
J.xexdx:xex O—jexdx:e—ex O=e—(e— )=1.
0 0



u=e* N du =e*dx
d)Pat ) 4y = cos xdx vV =sinx

2 T 2
:jexcosxdx=exsinx 2 —Iexsinxdx.
0 0 o

u, =e” du, =e*dx
9 =
Bat 1y, =sinxdx ~ |v, =—cosx
: ) z 5
:>Jex cosxdx =e? +e*cosXx|2 —jexcosxdx.
0 0 o

T

2

NN

2
N ZJ-eXcosxdx:e2 —1©jexcosxdx:
0

0

*Cach dat u va dv trong phuong phéap tich phan ting phan.

b

b b b
jP(x)ede IP(X)“’] Xadx jP(x) COS Xdx Iex cos xdx

a

X

u P(X) Inx P(x) e

dv e*dx P(x)dx cosxadx cosxdx

Chu y: Biéu quan trong khi sir dung cong thic tich phan ting phan 1a 1am thé nao dé chon
uva dv =vdx thich hop trong biéu thirc dudi dau tich phan f(x)dx. N6i chung nén chon
u 1a phan cua f(x) ma khi 1y d¢ao ham thi don gian, chon dv = Vv dx la phan caa f(x)dx 1a
vi phan mot ham sb da biét hodc c6 nguyén ham dé tim.

C6 ba dang tich phan thuong duoc ap dung tich phan ting phan:



4

5
e Néu tinh tich phan jP(x)Q(x)dx ma P(x)la da thac chira x va Q(x) la mot trong

nhitng ham sb: €™, cosax, sinax thi ta thuong dat
U= P(X) du = P (X)dX
=
dv=0()dx  |v= J' Q(x)dx

s
e Néu tinh tich phan | P(X)Q(X)dx ma P(x) la da thirc ciia x va Q(x) la ham sé

0=Q(x) du =Q (x)dx

In(ax) thi ta dat —
dv=P()dx  |v= _[ P(x)dx

B B
e Néu tinh tich phan | =jeax cosbxdxhoic J = |e*™sinbxdx thi

a

ax du = ae*dx
u=e
ta dat { = 1

dv = cosbxdx vV =—Sinbx
I\
N (du = ae™dx

hodc dat i =5 1
dv = sinbxdx V = ——Cc0oshx

Trong trudng hop ndy, ta phai tinh tich phan tirng phan hai lan sau d6 tré thanh tich
phan ban dau. Tir d6 suy ra két qua tich phan can tinh.

3. Phwong phap dbi bién sé

b
Bai ton: Tinh | = j F (X)X,
*Phuong phap déi baié'n dang |
Pinh Ii.Néu 1) Ham x =u(t) c6 dao ham lién tuc trén doan [ar; ],
2) Ham hop f (u(t)) duoc xac dinh trén [ar; 3],
3) U(ex) =a,u(p) =h,



thi | = I f(X)dX = j f(u(t)u (t)dt.

Vi du 1. Hay tinh céc tich phan sau:

o'—;mm

a ) Tinh tich phan I =

T

(cos®x —1)cos®x.dX (pH-KA-2009)

b) | =Ix2\/x3 + 5dx c) J :J.(sin4 x+1)cosxdx
0 0

s g

2 2
Giai:a) | = jcossx.dx —jcoszx.dx
0 0

T[ g

Taco: I, = jcos xdx——j(1+0052x) dx = %[x+;sm ZXJ

T T

2 2
Mait khac xét I; = jcossx.dx = j cos*x.cosx.dx
0 0

I a

2=
0

HP]
(1—sin®x)*d(sinx) = 1sinsx—28In X +sinx 8
5 3 15

ot— 3

8 =
Vayl=I,—l,= 2_T
AT

d(x°+5)

b) Taco d(x*+5)=3x*dx = = x%dx

L 3
= | =jx/x3+5—d(X3+5)
0

N3

o N

=%j(x3+5) d(x° +5) = 1ﬂ (x L5 45

0 1+1
2

4 10
=—6——1/5.
3\/_ 9\/_



T

2 T
c) Taco J :J‘(sin4 X +1)d (sin x) :(%sin5x+sin x) 2=
0

[$2 0 Ne))

Vi du 2. Hay tinh céc tich sau:
4 1
dx
a)J.\/4—x2dx b) I -
) 1+ X

Giai: a) bat x = 2sint, te{—% E} Khix=0thit=0.Khi X= 2th|t—§

T X=2sint = dx = 2costdt

4 2 2
J.x/4— x*dx = jx/4—4sin2t.2003tdt = 4J.cos2 tdt =17
0

0
b) bat X = tant, te(—% E) Khi x=0thi t =0, khi X= 1th|'[—z

Taco: X=tant => dx = dt2 .
cos“t
4
_f jdt— tlga =",
1+x 1+ tan®t cos?t 0 4

Chu y: Trong thuc té ching ta c6 thé gap dang tich phan trén dang tong quat hon nhu

Néu ham sé dusi déu tich phan c6 chaa can dang va’+ Xx2,<Ja— X2 va

Vx> —a’® (trong trong d6 a l1a hiang sé duong) ma khong c6 cach bién ddi nao khac thi
nén ddi sang cac ham sé lugng giac dé 1am mat can thuc, cu thé 1a:

e VsiWa®—x*,dat x=asint, te[—z Z}
2 2

hoic x=acost, te|[0; 7].

e Vi \Ja?+x*, dat x=atant, te(—% gj

hoic x = acott, te(0;7).



o Vi /X*—a?,dat x:_i, te[—f;f}\{o}
sint 2 2

a T

hoic X=——; te [0;71']\{—}.
cost 2

*Phuwong phap déi bién dang 11

Dijnh 1i : Néu ham sé u = u(x)don diéu va c6 dao ham lién tuc trén doan [a;b] sao cho

u(b)

f@ﬂx:g@@»uumx=gmmumi|=jfumx=jgwym.

u(a)
1
Vi du 3: Tinh | :szx/x3 + 5dx
0
Giai: Pat u(x) =x’>+5.Tac6 u(0)=5,u(l)=6

6
o o1 2 6 2 4 10
Tir do duoc: ._éiﬁdu_§uws_§(6ﬁ_5¢§)_§f_5£

Vi du 4: Hay tinh céc tich phan sau bang phuong phap doi bién dang II:

a) j(2x+1)5 dx b)ji c)jﬂdx

xIn x 0x2+x+1
e

2z

{  dx ( 27
d)! (2% 1) e)_!‘cos(3x—?)dx

3

Giai: a) bat U =2X+1khi Xx=0thi u=1. Khi x=1thiu=3

Taco du:2dx:>dx=d?u.Dodé:

1

3 6 23
j(2x +1) dx = %jusdu el

T 121
0 1

1 6 2
=~ (3°-1) =602,
12( ) =607

b)bat U =InX. Khi Xx=¢ thi u=1. Khix=¢* thi u=2.



e? 2
2
Tacédu:%:j dx :Jduzlnu =In2-In1l=In2.
X xIn x ) u 1

e

o)bat U= X"+ X+1. Khi x=0thiu=1.Khi x=1thi u=3.
Tacé du = (2x+1)dx. Do do:

3
————dx=|—=2Inu| =2(In3—-1In1)=2In3.

j AX+2 ( 2du
X*+X+1 ) u

0

dbat u=2x—-1. Khi x=1thi u=1. Khi x=2 thiu=3.
, du ,
Taco du :2dX:>dX:7. Do dé:

3 11 1
- (=-1)==.
1 2(3 ) 3

(x-0 2Ju " 2

j‘ dx 13du_ 1

2 2
)Pt U=3x— 2 Khi x="thiu=",khi X="2 thiu=—r.
3 3 3 3

Taco du:3dx:>dx=d?u.Dodé:

S~

2 4x

3 3 —
J‘cos(3x—2—”)dx=1jcosudu:lsinu 3 —E(Sind'—”—sinzj
3 3 3 7z 3 3 3
3

T

w|N
w|y

3.Phwong phap tich phan tirng phan.

Pinh i . Néu u(x) va v(x) la cac ham sé ¢ dao ham lién tuc trén [a;b] thi:

ju(x)v' (x)dx = (u(x)v(x))‘:1 - jv(x)u'(x)dx

b
— Ivdu.
a

a

b
hay J. udv =uv

a




Ap dung cdng thirc trén ta ¢d qui tic cong thuc tich phan ting phan sau:
e Budc 1: Viét f(x)dx dudi dang udv = uv dx bang cach chon mét phan thich hop

cua f(x) lam u(x) va phan con lai dv = v (x)dx.

e Budc 2: Tinh du =udx va V=Jdv=jv'(x)dx.

b

b
e Buéc 3: Tinh jvdu :jvu'dx vauv| .
a

e Budc 5: Ap dung cong thuc trén.

Vi du 5: a)Tinh tich phan 1= j (3X++'”)Xd (DH-KB-2009)

3+Inx todx  F Inx
-] x=3[—+]

(x+1) T (X+1)7 1 (x+1)?
:i dx _ -3 3:§
P (x+D)? (x+1)| 4
J3~ In x
(x+1)
Datu=lnx:>du:dyx
dv = dx Chonv_—l
(x+1)? x+1
' f g 3 ek foe n3 3
27 x+l, dx(x+1) 4 I x dIx+1 42
Vay : I:Z(1+In3)—ln2
b) Tinh J'xln xdx
1
dx
du=—
. u=Inx X
Giar: bat = < ,
dv = xdx X
V="
L 2
e XZ e 1 eZ X2 e eZ +1
jxlnxdx:—lnx —Zxdx="—-—"—| ==——=
1 2 1 21 2 41 4

Vi du 6: Tinh céac tich phan sau:



a) jlnxdx b) jxcos Xadx c)jxexdx d) jex cos xdx

XS
u=Inx du:%
Giai: a) bat 1 =9 X . Do @é:
dv=—dx Ve 1
X i 4x*
2 Inx Inx]> 12dx 12 1/ 1\ 15-4In2
j—sdx=——4 +_I_5:__+_ o a || T aee -
1 AX*|, 44X 64 4\ 4x" ), 256
U=x du = dx
b) Pat . Do do:
dv = cos xdx V =SinXx
2 T % T
. —_ . /4 —_ T
Ixcosxdx=(xsm X)|2 —jsm xdx=-_-+cosx|2 =— -1
2
0 0O % 0
U=x du = dx
c)bat — . Do dé:
dv =e*dx V=g

1 1
1 1
jxexdx:xex O—Iexdx=e—ex O=e—(e— )=1.

0

0
u=e* j{du = e*dx

d) bt {dv =cosxdx |v=sinX

2 i
:Iexcosxdx:exsinx 2 —
0 0

u, =e’ du, =edx
Bat Y dv, =sinxdx ~ |v, =—cosx

2 T 2
:>J‘excosxdx:e2 +e"cosx|2 —j
0 0 o

3
jexsin xdx .
0

e* cos xdx.

10



11

~ V4

2

2
z e
i 2jexcosxdx:e2 —1©jexcosxdx:
0

0

*Céach dat u va dv trong phwong phép tich phan ting phan.

b b b b
jP(x)ede IP(X)In Xax J‘P(x) COS Xdx Jex COS xdx

a

u P(X) Inx P(x) g

dv e*dx P(x)dx cosxadx cosxdx

Chu y: Biéu quan trong khi sir dung cong thirc tich phan ting phan 1a 1am thé nao dé chon
uva dv =vdx thich hop trong biéu thirc dudi dau tich phan f(x)dx. N6i chung nén chon
u la phan caa f(x) ma khi lay dao ham thi don gian, chon dv = v dx la phan caa f(x)dx la
vi phan mot ham sé da biét hoac c6 nguyén ham dé tim.

C6 ba dang tich phan thuong duoc ap dung tich phan ting phan:
5
e Néu tinh tich phan jP(X)Q(X)dX ma P(x)la da thac chira x va Q(x) la mot trong

nhitng ham s6: €™, cosax, sinax thi ta thuong dat

0= P(X) (du = P'(x)dx
= 1
dv=Q(dx _ |v= j Q(x)dx
A
e Néu tinh tich phan | P(X)Q(X)dx ma P(x) la da thic ctia x va Q(x) la ham sé
0=0Q(x) . du =Q (x)dx
dv=PO)dX  |v= j P(x)dx

In(ax) thi ta dat {

B B
e Néu tinh tich phan | :jeax cosbxdxhoic J :J-eax sinbxdx thi

a
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N (du = ae™dx
u=e
ta dat i 1 .
dv = coshxdx V = =sinbx
N (du = ae™dx
u=e
hoac dat ] g 1
dv = sinbxdx V = ——Cosbx

hoctoan capba.com Trong truong hop nay, ta phai tinh tich phan ting phan hai lan
sau d6 tré thanh tich phan ban dau. Tir d6 suy ra két qua tich phan can tinh.
I1.TICH PHAN MOT SO HAM SO THUONG GAP
1. Tich phan ham s6 phén thic

a)Tinh tich phan dang téng quat sau:
s

dx
| = 0).
jax2+bx+c (ai )

a

(trong d6 ax’ +bx+c =0 véi moi X €[ea; B])

Xét A =b* —4ac.
B
. X
+)Néu A =0 thi | :j d . tinh dugc.

cal X———
2a
B
HNéu A>0th‘||z£j‘ ax |
ad (x=x)(x=x,)
—b++/A —b—+/A
trongdo X, =———— X, =————
(trong do X, 3 3 )
ot X=X 'B.
a(x—x) [x—X|a

B
+) Néu A < Othi | :J-

B
aax +bx+c :!: ( j { _Ajz
X+— | + .

2a
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—A 1 [-A
pat x+ 2 = 2tgt:>dX:—‘/—2(1+tg2t)dt,tatinhdu:cycI.
2a a 2\ a
* mx+n
b) Tinh tich phan: | :j > dx, (a;tO).
ax“+bx+c

(trong do f(X) = inx+n lién tuc trén doan [«; S])

ax“ +bx+c

+) Bang phuong phép dong nhat hé sb, ta tim A va B sao cho:
mx+n  A(2ax+h) N B
ax’ +bx+c  ax’+bx+c  ax’+bx+c

i 8
MX+n _J» A(2ax +b) dx+j B dx

+)Tacé|=j. 2 ix = X% +hX+C

Coax’ +hx+c ax® +bx+c

A(2ax +h)
ax’ +bx+c

B
dx = Aln‘ax2+bx+c

B
Tich phan j

&

B

dx
Tich phan j ” tinh dugc.
ax” +bx+c

b
P(x
¢) Tinhtich phan | = j%dx véi P(x) va Q(x) la da thwrc caa x.
X

e Néu bac caa P(x) 16n hon hoic bang bac cia Q(x) thi ding phép chia da thuc.
e Néu bac caa P(x) nho hon bac caa Q(X) thi ¢ thé xét cac truong hop:
+ Khi Q(x) chi ¢ nghiém don ¢, @, ..., thi dat

POy __A L. S T

QXX) x-a, Xx-a, X—o,

+ Khi Q(X) =(X—a)(X* + px+q),A = p? —4q < Othi dat

P(x) A N Bx+C
Q(X) x—-a X*+px+q



+Khi Q(X) = (x—a)(x— )" véi o= B thi it
PO_ A . B C
Q) x-a x-B (x-p)

1
4x +11
Vi du 7. Tinh tich phan: J.—dx.

) X> +5X+6

Giai:
Cach 1.Bing phuong phap ddng nhat hé sé ta c6 thé tim A, B sao cho:
4x+11 A(2x+5) .\ B
X’ +5Xx+6 X +5x+6 X +5x+6
4x+11  2Ax+(5A+B)
X* +5X+6 X* +5X+6

2A=4 A=2
—_ —
5A+B =11 B=1
4x+11  2(2x+5) s 1
X*+5X+6 X*+5x+6 X*+5x+6

1 1 1
Do d6 J‘de — Zjﬂdx_kj‘i

, Vxel \{-3,-2}

. Vxell \{—3;—2}

xel \{-3-2}.

Vay

0x2+5x+6 0x2+5x+6 0x2+5x+6
1 1
:2In\x2+5x+6\ +InXLZ =Ing.
0 X+ 3||0 2

Cach 2. Vi X* +5x+6 =(X+2)(X+3) nén taco thé tinh tich phan trén bang cach:
Tim A, B sao cho:

4x+11 _ A B
X*+5x+6 X+2 Xx+3

4x+11  (A+B)x+3A+B
X2 +5X+6 X* +5x+6

A+B=4 A=3
= =
3A+2B =11 B=1

, Vxel \{-3,-2}

. Vxell \{—3;—2}

14



Vay ax+1l _ 3 + 1 , Vxel \{-3,-2}.
X*+5X+6 X+2 X+3

Cf 4Ax+11
Dodojz— _Bj
Ox +5x+6 x+2 x+3

:3In\x+2\1+ln\x+3\‘l 2,
0 0 2

1
dx
Vi du 8:Tinh tich phén: jz—
) X+ X+1
Giail:
1

dx ( dx
Doj > =J. >
X2+ x+1 [ lj 3
0 0 X+7
2

_|_7
4

Pat x+—:§tant,t [_,Z} dx (1+tan2t)dt
RE 2 : ul
Véyj- dx oo (L+tan t)dt_zﬁjdt_zﬁt 3 3
. 2 - - - - -
X +X+1 A *(1+tan2t) 3 A 3 z 9
6 6 6
1
2 X3
Vi du 9. Tinh tich phan: j dx
) x> -1
Giai:
1 1 1 :
2 3 2
j 2X dx=J(x+ 2X jdx=jxdx+j de
X -1 X -1 ) X =1
1 1
2 JR— R—
=%2 —In\xz—HZ:%+%ln%
0 0

2. Tich phan cac ham lweng giac

15
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2.1.Dang 1: Bién doi vé tich phan ce’ ban

Vi du 10: Hay tinh cac tich phan sau:

T

a) J = jsin 2xsin 7xdx;

2

T

b)K = J'cos x(sin* x +cos’ x)dx;

oM = J‘4sm x
1+ CoSs X
Giai
z z T T
: -~ -
a) J ZEJ‘COS5XdX—EJ‘COS9XdX =isin5x 2 —isin9x 2 :i.
2J 2J 10 7 18 7 45
E : 2 2

- . 2 .
b) Tacé cosx(sin* x+cos* x) = cos x[(sm2 X +C0s’ x) —2sin? xcos’ x}

= cosx(l—%sin2 2xj = C0S x[l—%(l—cos4x)} = ;cosx+%cosxcos4x

=4 COSX +%(cos5x +c0s3X).

T a T

2 2 2
K= Jcos x(sin* x +cos* x)dx = %J-cos xdx + %J-cosSxdx + %jcondx
0 0 0 0

T T 1
—Zsm x| 2 +4—sm5x 2 +-—sin3x
0 0

31111

4 40 24 15

Owla

4sin’x _ 4sin® xsinx _ 42— cos’ X)sin x
1+cosx 1+ cosx 1+ cosx
=M =2.

c) =4(1—cosx)sin X



2.2.Dgng 2: Poi bién sé dé hiru ti hoa tich phan ham liweng giac
dx
asinx+bcosx+c

2.2.1.Tinh | = j

Phwong phap:

bitt = tan5 =dXx = 2dt2
2 1+t

2

- Va COSX = >
1+t 1+t

Tacod: sinx =

dx 2dt e,
| = - = 5 da biét cach tinh.
asinx +bcosx +¢ (c—b)t +2at+b+c

dx
4cosx+3sinx+5

Vi du 11. Tinh

2t

1+t? ax

Gidi: Pt t =tg~ = dft = 1(1+ tan® 5jdx PN
2 2 2

2dt

j dX . 1+t2 _I dt
. - 32 - 2
CcoSX+3sinx+3 1 t2+3 2t2+3 t°+3t+2
1+t 1+t

tan§+l

+C=1In + +C.

tan —+2
2

t+1
t+2

=1In

dx
asin’® x+bsin xcos x + ccos® X + d

dx
(a+d)sin® x+bsinxcosx+(c+d)cos® x

dx
J' cos’ X
(a+d)tan®x+btanx+(c+d)
:>I—J- dt
Cos” X (a+d)t* +bt+(c+d)

2.2.2. Tinh | :j

Phwong phap: | :j

batt=tgx=dt =

da tinh duoc.

17
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dx
sin? X + 2sin Xxcos X —3cos? X

Vi du 12. Tinh: | :j

dx

. . dx 2
Giai:Tacol :j — - > :J- 5 COS X
Sin“ X + 2SIN XC0S X — 3C0S” X tg"x+ 2tgx —3

dx

Patt=tgx = dt = —
COS™ X

1

.[t2+dztt—3:.[(t—1;j(tt+3) 4

) MSin X +NCos X +
Tinh | :I _ pdX.
asinx+bcosx+c

t-1
t+3

tgx -1
tgx +3

+C:lm
4

= | = +C 2.23.

Phwong phap:
+)Tim A, B, C sao cho:

msinx+ncosx+ p = A(asinx+bcosx+c)+B(acosx—bsinx)+C, vx+)

MSIin X+ NCcos X +
Vay | =j _ pdx=
asinx+bcosx+c

dx
asinx+bcosx+c

acos X —bsin x
asinx+bcosx+c

=Ajdx+B_[ dx+Cj

Tich phan | dX  tinh duoc
« acosx—bsinx
asinx+bcosx+c

dx
asinx+hcosx+c

Tich phan dx = Infasin x+bcos x +¢|+C

Tich phén J. tinh dugc.

COS X+ 2sin X
Vidu 13. Tinh: | = ——dXx.
4cos X +3sIn X

Giai:
Bang cach can bang hé sb bat dinh, tim A va B sao cho:

cosx +2sinx = A(4cosx+3sinx)+ B(—4sinx+3cosx), vx

cosx+2sinx=(4A+3B)cosx+(3A—4B)sinx, Vx
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4A+3B =1
<
3A-4B=2 1

5 5 4cosx-+3sinX

J‘(z 1 —4smx+3008xjdx=gx_%ln\4cosx+33in x|+C.

2.3.Dang 3: Poi bién sé dé dwa vé tich phan ham luweng giac don gian hon
(Xem vi du 17, 20, 21)

2.4.Chay: Nguyén ham dang jR(sin X,c0s x)dx, véi R(sinx,cosx)la mot ham hixu

ti theo sinx, cosx
Pé tinh nguyén ham trén ta d6i bién sé va da vé dang tich phan ham hitu ti ma ta da

biét cach tinh tich phan.

e Truong hop chung: Pat t = tan X =dx = 2dt2
2 1+t
f 1-t°
Taco SINX = ~,C0SX = :
1+t 1+t

e Nhirng truong hop dac biét:
+) Néu R(sinx,cos x)la mot ham s chin véi sinx va cosx nghia Ia
R(—sinx,—cosx)=R(sin x,cosx)thi dat t=tgx hoac t=cotgx, sau do
dua tich phan vé dang hitu ti theo bién t.
+) Néu R(sin x,cos x)la ham s 1¢ ddi véi sinx nghia la:
R(—sinx,cosx)=—R(sin x,cos x)thi dat t = cosX.
+) Néu R(sin x,cosx)la ham s 1¢ ddi véi cosx nghia la:
R(sin x,—cos x) = —R(sin x,cos x)thi dat t =sinx.

3.Tich phan ham vo ti

3.1 .Dang 1: Bién déi vé tich phan vo ti co ban



Vi du 14. Tinh tich phan: | —I

+\/§'

Giai

"j i, IW Ko=) (-

1

xdx
Vi du 15:Tinh tich phan I

o X+L1+ X2
1 3dX 1 3 2 4 2\/2_1

o=, _— — '\%1 — d =
Glat ‘c[x+x/1+x2 !(x XX 15

3.2.Dang 2: Bién doi vé tich phan ham lweng giac

>

(xem vi du 2)
3.3Dgng 3: Bi¢n doi 1am mat can
Gom: DOoi bien so t la toan bd can thic

Viét biéu thuc trong can duéi dang binh phuong dang

1
_ 3 /1 2
Vi du 15:Tinh _j X"1—x"dx
0
Giai:

j dx = jx\/l X2 .xdx
0

Pit t=V1-x* ot’ =1-x* & x* =1-t*
Taco: xdx=-tdt, Khi x=0thit=1khix=1thi t=0

0 3 s\
[ [ 2
A | =—[@-t)Ht’dt=| ——— | ==
Vay !( ) (3 5}0 15

4. Tich phan chira diu gia tri tuyét déi

Phwong phap:Ching ta phai pha dau gia tri tuyét doi

3(2\/5—2)
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2
Vi du 16: Tinh J :J.\x2 ~1dx
-2

Giai: Lap bang xét du cua X* —1 trén doan [—2;2]

X* =1

-1

Do d6 | :j\xz —]de:j(x2 —1)dX+j(1—X2)dX+J(X2 —1)dx

{533

-1 x3\[1 x° 2

+| X—— +| ——=x | =4.
-2 3)-1 3 1
I11.TICH PHAN MOT SO HAM PAC BIET

1.Cho hamsé y = f (X) lién tyc va lé trén doan [—a; @] . Khi d6

I :j-f(x)dx:o.

Vidu 17: Chting minh | =j—_2=o.
4 —sin” x

2

. . AN
Giai: Pit X=—t = dx=-dt. Khix=7 thit=-

Do do : 1

f tdt
A smt
2

T

Suyra :21=0. Tadugc | :j—_zzo.
”4—S|n X

2

7, khi x=—2thit="2
2 2

21



2.Chohamsé y = f(X) lién tuc va chén trén doan [—a; a] . Khi d6

| :If(x)dx:zjf(x)dx.
a 0 a
Chimg minh: Tacd | = j £ (X)dX = j f(X)dX + j f(x)dx (1)
i %a 0
Tatinh J = j f (x)dx bing céch dgt x=—t(0 <t <a)=> dx = —dt
0 0 a a
— ] :If(x)dx=—jf(—t)dt=jf(t)dtzjf(x)dx @
-a a 0 0

Thay (2) vao (1) ta duoc | = j' F(X)dX = 2 _[ £ (x)dx

V4

X + COS X
Vi du 18: Tinh tich phan: | = | ————dx
4 —-sin° x
2
x+cosx COS X

Gial: Taco | j j j

i 4 —sin® x ”4 sin? x ”4 sin? x

2 2 2

T

Do fl(x):Lla ham s6 ¢ trén {_Z Z}nen I—dx=0
4 —sin® x 2 2 4 —sIn® X

2

. COS X R A T T, ,
va f,(X) =———— lahamso chan trén | ——;— |nén ta co:
4 —sin” X 2 2

J‘ COSX o _ZJ‘ COS X __zj‘ d(sinx)
4 —sin® X 4 —sin’ x | (sinx+2)(sinx+2)

z
2

22
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Sin X — 2
sinx+2

2——| 3.

Vay Iz—ll 5
0

2

3.Cho hamsé y = f (X) lién tuc va chin trén doan|-«:«]. Khi dé

| = T () dx:%j;f(x)dx

a*+1
—

Chang minh:  Pbatt=-x = dt=-dx

a'+1

Taco f(x) = f(-)= f(t); a*+1=a+1=

Khix=- athit=a ;X=« thit= «

| = jf(x) jaf(t)dt_ja+—11f(t)dt

vay  a i1 a' +1 Joat+l
_jf(t)dt j Q) -t = [ 1 (o
aa + -
(%),
Suy ra | = Iax+ —_If(X)dX
Vi du 19 : Tinh tich phan: I:j X dx.
2" +1

Giai:batt= -x = dt=-dx
Khix=-1thit=1 ;x=1 thit=-1

1 t4 1 2t
=] ggdt= 5 g
1 R

1
X
vy 1= lex +1

_jt“dt j

4

dt_-jx4dx—-l

1
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4.Cho f(x) lién tuc trén doan {o;ﬂ Khi dé

_[ f (sin x)dx = j f (cos X)dx.

Chtrng minh:

Détt=%—x:>dx=—dt

Khix=0thit=2 khi X=2 thit=0
2 2

3 0 3 3
Do do j £ (sin x)dx = — j f (sin(” —t)dt = j f (cost)dt = J' f (cos X)dx.
0 7 2 0 0
2
Nhan xét : Bang cach 1am tuong ty ta c6 cac cong thirc
“Néu (x) lién tuc trén [0;1]thi j XF (sin X)dx :% I £ (sin x)dx

a

2r—a 27—«

*Néu f(x) lién tuc trén [0;1]thi j xf (cosx)dx = j f (cos x)dx

a

NN

i sin" X
Vi dy 20:Ching minh: |:j - —dx==.
Osm X 4+ C0S" X 4

Giai :
Tuong tu nhu trén ta co:

T

( sin" x ; cos" X
|=J‘_n : dx:“‘_n —dx=J
sin" X +cos" X ) sin” X +cos” x

0

T

’ . 2
sin" x cos" x
+) Vay I+J= j dx+J. dx =
0

B

0sin“x+c:os”x sin" X + cos" X 2



T

2 .
sin” x
Vay I= j — —dx="
) SIN" X +COS™ X 4
[ xsinx
Vi du 21: Tinh tich phan: _[—2 dx.
1+cos” X

Giai: it x=7—t (0<t<7z)= dx=—dt.

. 0 .
Khi 5 de__ﬂ”—t)“”(”—t)dt

o1+coszx 1+COSZ(7r—t)
¢ zsint ¢ tsint
= —2dt_ —2dt
.01+cos t 01+cos t
¢ zsinx [ xsinx
= —de— —zdx
.01+cos X 01+cos X
XSin X ¢ 7sinx
zj _[msine g
1+ cos® x 1+cos X
T . T . 2
XSin X T sin X T
Vay —de=— —de=—.
01+cos X 2 01+Cos X 4

BAI TAP PE NGHI
Bai 1.Tinh cac tich phan sau

= T

)l :J sin 2x dx b)l = !ﬁsm\/;dx
2 C0s? X + sin? x

( DPH-KA-2006)

: :

o)l = js'”zx—”'”)‘dx d)! = [ (2x-1)cos’ xdx
J1+3c0s X 0

(DH- KA -2005) .

T 2 “

fsin2x )1 = dx
e)! =jwdx ) £1+0032x

o 1+Cosx

(DH-KB-2005)
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0l —iSinX_COSde
* V1+5sin2x
7
2

i :J- | C0S 2X :
o (sinx—cos x +3)

Bai 2.Tinh cac tich phan sau
V3 ¥®

)l = +2x° ix
0 X2 +1
4
2x+1
C)l = | ——=—==dx
) !1+V2x+1
3
e)l :'[x3 x* —1dx
1
o) _Zf dx
5 XVx*+4

Bai 3. Tinh céc tich phan sau

a)l = [ (x* +1)e*dx

o
~
[l
Ol N O O
o
>

>

[EEN
_|_
D

N
>

>
D

—~
>

+ .
N
~
[N}

o

>

D
~—
Il

0
o)1 = [x(e” +/x+1)dx

-1

3 tanx
h)l = dx
l 00s Xv/1+cos” X
4
4
k)l = jxtanz X.0x
0

o
>

o (=)
~— S
1 I
ey r—\'—.ﬁ‘
>
N
—
><
N
_|_
=

><N|,_\
VR
H
+
> | =
N—
o
3

w

—_—
o
Il
(.nH, Q‘NM—‘
w
>
+ | &
=< | <

h)l = j([x+2\—\x—2\)dx

smx

+ C0S X) COS X.dx
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